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Abstract
We prove that the elementary theory of Thompson’s group F is hereditarily undecidable.
c© 2007 Elsevier B.V. All rights reserved.
MSC: 20F65; 03B25; 03C60
M. Sapir asked whether the elementary theory of Thompson’s group F is decidable [13, a part of Question 4.16].
More specifically, he asked later whether F first-order interprets the restricted wreath product Zwr Z. It is known that
the elementary theory of the latter group first-order interprets the arithmetic of the integers, and is therefore hereditarily
undecidable [12]. Recall that a first-order theory T is said to be hereditarily undecidable if every subtheory of T is
undecidable.
The aim of the present note is to show that F does indeed first-order interpret Zwr Z, and hence the elementary
theory of F is hereditarily undecidable.
Let J be any closed interval of R with dyadic endpoints. The group PL2(J ) is the group of all continuous order-
preserving piecewise linear maps from J into itself with finitely many breakpoints all occurring at dyadic rationals and
with the slopes of their linear ‘components’ equal to powers of two. One of the standard realizations of Thompson’s
group F is given by the group PL2([0, 1]) (for the background information on Thompson’s group F the reader may
consult [1,5]). It is well known that PL2([0, 1]) is generated by the following maps x0 and x1:
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Note that we write maps of PL2([0, 1]) on the right.
∗ Corresponding author.
E-mail addresses: bardakov@math.nsc.ru (V. Bardakov), vtolstykh@yeditepe.edu.tr (V. Tolstykh).
0022-4049/$ - see front matter c© 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2007.02.011
634 V. Bardakov, V. Tolstykh / Journal of Pure and Applied Algebra 211 (2007) 633–637
Fig. 1. Graphs of the maps a−kbak (the graph of b is OABCZ , the graph of a−1ba is OCDEZ , the graph of aba−1 is OC ′B′AZ , etc.).
By the definition,
xn = x−n+10 x1xn−10
where n > 1 is a natural number.
For any map f ∈ PL2([0, 1]) we define
supp( f ) = (the support of f ) = {α ∈ [0, 1] : α f 6= α}.
Clearly,
supp( f −1g f ) = supp(g) f (1)
for all f, g ∈ PL2([0, 1]). It follows that if maps f, g ∈ PL2([0, 1]) have disjoint supports, then they are commuting.
The restricted wreath product Zwr Z has the following presentation:
Zwr Z ∼= 〈a, b | {[b, a−nban] : n ∈ Z}〉.
The group F is riddled with copies of Zwr Z, as, for instance, the results from [10] show. We shall demonstrate
that one such copy is given by the group G generated by a = x20 and b = x1x−12 (cf. [6] where it is proved that the
subgroup generated by x0 and x1x2x−21 is also isomorphic to Zwr Z).
Lemma 1. (i) The supports Sk of the maps a−kbak = x−2k0 x1x−12 x2k0 where k ∈ Z are pairwise disjoint open intervals
such that⋃
k∈Z
Sk = [0, 1],
where J is the closure of an interval J of R;
(ii) The group G is isomorphic to Zwr Z.
Proof. (i) A straightforward calculation shows that
supp(x1x−12 ) =
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(products of elements of PL2([0, 1]) may be easily calculated following the methods developed in section 2.1 and 3.2
of [2]; see also [1, section 1.2] and [4]).
Hence
Sk = supp(a−kbak) = supp(x−2k0 x1x−12 x2k0 ) =
(
1
2
x2k0 ,
1
2
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)
for all integer numbers k (see Fig. 1). Note that
lim
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, (2)
as required.
(ii) By (i), the maps a−kbak where k runs over Z generate a free abelian group of infinite rank. Hence every element
g of G = 〈a, b〉 is uniquely written in the form
g = am
∏
k∈Z
a−kbmkak (3)
where in the latter product only finitely many terms are non-trivial. The element b = x1x−10 x−11 x0 is in the commutator
subgroup F ′ of F . Then g is congruent to am modulo F ′. As F/F ′ = 〈x0F ′, x1F ′〉 is a free abelian group of rank
two [1,5],m 6= 0 implies that g 6= 1. Ifm = 0, then g = 1 if and only if all exponentsmk are zeros. Thus the generators
a, b satisfy exactly the relations that are corollaries of those given in the presentation of the group Zwr Z above. 
The model-theoretic notions we use in the remainder of the note can be found, for instance, in [9].
Proposition 2. The group G is first-order definable in PL2([0, 1]) with the parameters x0, x1.
Proof. We are going to prove that the subgroup 〈a〉 generated by a and the subgroup 〈a−kbak : k ∈ Z〉 are both
definable in PL2([0, 1]) by means of first-order logic with the parameters x0 and x1. This in view of the formula (3)
will imply that G = 〈a, b〉 is {x0, x1}-definable, completing the proof.
Let J = [η, µ] be a closed interval with dyadic endpoints. PL>2 (J ) (resp. PL>2 (J )) is the family { f } of all maps in
PL2(J ) such that α f > α (resp. α f > α) for all α ∈ (η, µ). The following result is an immediate corollary of Lemma
2.16 in [11].
Lemma 3. Let z ∈ PL>2 (J ). Then for every q = 2m where m ∈ Z there is at most one map in PL2(J ) commuting with
z whose initial slope is q.
By the initial slope of an f in PL2([η, µ])we mean the right-sided limit at η of the derivative of f , or, less formally,
the slope of the first linear ‘component’ of f .
Lemma 3 implies that the centralizer of x0 in PL2([0, 1]) is the subgroup 〈x0〉 generated by x0: indeed, the initial
slope of x0 is 2 and the initial slope of a power xm0 of x0, obviously commuting with x0, is 2
m . The powers of a = x20
are the squares of elements of 〈x0〉. Thus the family of powers of a is first-order definable in PL2([0, 1]) with the
parameter x0. It follows that the set {a−kbak : k ∈ Z} is definable in F with the parameters x0 and x1.
We claim that
〈a−kbak : k ∈ Z〉 = C({a−kbak : k ∈ Z})
where C(X) is the centralizer of a subset X of PL2([0, 1]). If so, the subgroup 〈a−kbak : k ∈ Z〉 is {x0, x1}-definable in
PL2([0, 1]), being the centralizer of an {x0, x1}-definable set. Thus it is claimed that the following first-order formula
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θ(v) = θ(v; x0, x1) with the parameters x0, x1
θ(v) = ∃u1, u2[θ1(u1) ∧ θ3(u2) ∧ v = u1u2]
defines G in PL2([0, 1]) where
θ1(v) = ∃u3[x0u3 = u3x0 ∧ v = u23],
θ2(v) = ∃u4[θ1(u4) ∧ v = u−14 x1x−10 x−11 x0u4],
θ3(v) = ∀u5[θ2(u5) → vu5 = u5v].
Claim 4. Let k ∈ Z. Then the map gk = a−kbak |Sk where Sk = supp(a−kbak) is in PL>2 (Sk) and its initial slope
is 2.
Proof. The semi-group PL>2 ([0, 1]) is preserved under conjugation by elements of PL2([0, 1]). We have that b =
x1x−12 ∈ PL>2 ([0, 1]). Due to (1) the support S of any conjugate g of b is an open interval, and hence g|S ∈ PL>2 (S).
One readily verifies that the initial slope of g0 is 2. Let f ∈ PL2([0, 1]) and let α be a fixed point of f . Both the
left-sided limit α f ′− of the derivative of f at α and the right-sided limit α f ′+ of the derivative of f at α do not change
under conjugation of f : namely,
(αh)(h−1 f h)′− = α f ′− and (αh)(h−1 f h)′+ = α f ′+
for all h ∈ PL2([0, 1]) (see, e.g., the proof of Remark 2.3 (ii) in [3] for details). It follows that if an open interval T
is the support of an f ∈ PL2([0, 1]), then the initial slope of the map f |T equals the initial slope of h−1 f h|Th for all
h ∈ PL2([0, 1]). So the initial slopes of the maps gk are all equal to the initial slope of g0, that is, to 2, as claimed.

Now let f ∈ C({a−kbak : k ∈ Z}). Then for every k ∈ Z the restriction fk of f on Sk commutes with gk . By
Claim 4 and Lemma 3, fk = glkk for a suitable integer lk . Finally, part (i) of Lemma 1 implies that at most finitely
many lk are non-zero, whence
f =
∏
k∈Z
a−kblkak,
and the result follows. 
Proposition 5. The elementary theory of Thompson’s group F is hereditarily undecidable.
Proof. It is well known that if a structureM first-order interprets with parameters a structure N whose elementary
theory is hereditarily undecidable, then the elementary theory ofM is also hereditarily undecidable [8].
According to [12], if a finitely generated almost solvable group S is not almost abelian, then S first-order interprets
the ring of integers Z (see also [7]). It is easy to see that the group Zwr Z is solvable; in order to see that it is not
almost abelian (that is, does not have normal abelian subgroups of finite index) one can work with the isomorphic
group G = 〈a, b〉 introduced above. Suppose that ϕ is a surjective homomorphism from G onto a finite group of order
n. Then
1 = ϕ(a)n = ϕ(b)n = ϕ(an) = ϕ(bn).
The elements an, bn are not commuting, and hence the kernel of ϕ is not abelian.
Thus the elementary theory of the group Zwr Z is hereditarily undecidable, for the elementary theory of the ring
of integers is hereditarily undecidable [8,14].
Now, by Proposition 2, Thompson’s group F first-order interprets with parameters the group Zwr Z, and we are
done. 
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